We apply the holographic principle in the cosmological context through the nonextensive Tsallis entropy, used to describe the thermodynamic properties of nonstandard statistical systems such as the gravitational ones. Assuming the future event horizon as the infrared cutoff, we build a dark energy model free from cosmological inconsistencies, which includes standard thermodynamics and standard holographic dark energy as a limiting case. We thus describe the dynamics of Tsallis holographic dark energy in a flat FLRW background. Hence, we investigate cosmological perturbations in the linear regime on sub-horizon scales. We study the growth of matter fluctuations in the case of clustering dark matter and a homogeneous dark energy component. Furthermore, we employ the most recent late-time cosmic data to test the observational viability of our theoretical scenario. We thus obtain constraints on the free parameters of the model by means of Monte Carlo numerical method. We also used Bayesian selection criteria to estimate the statistical preference for Tsallis holographic dark energy compared to the concordance ΛCDM paradigm. Our results show deviations from standard holographic dark energy within the 2σ confidence level. Finally, the analysis of the dark energy equation of state indicates a quintessence-like behaviour with no evidence for phantom-divide crossing at the 1σ level.
I. INTRODUCTION
The accelerated phase of the late-time cosmic expansion first observed in the Hubble diagram of type Ia Supernovae [1, 2] cannot be explained by assuming matter (baryons + cold dark matter) and radiation as the only constituents in the energy budget of the universe. Modifications of general relativity [3] [4] [5] [6] [7] [8] [9] [10] [11] represent one possibility to address the late-time acceleration problem considered to be of gravitational origin. On the other hand, the observed behaviour of the cosmic fluid can be attributed to the extra degrees of freedom of new exotic terms in the energy-momentum tensor, giving rise to the so-called dark energy models [12] [13] [14] [15] [16] . The cosmological constant Λ, while the most simple dark energy candidate, does not provide a satisfactory solution of the issue due to the fine-tuning and coincidence problems [17] [18] [19] [20] . Also, dynamical dark energy models characterized by a time-evolving equation of state are purely based on phenomenological arguments, which make them unlikely represent an effective solution to the cosmological puzzle [21] [22] [23] .
Alternatively, the origin and nature of dark energy can be studied through the holographic principle of quantum gravity [24] applied in the cosmological context. In this scheme, the vacuum energy from the ultraviolet quantum cutoff is related to the characteristic length of the universe, and all the physical degrees of freedom are described in terms of some quantities at the universe's boundary [25] . The resulting holographic dark energy (HDE) models can explain the current acceleration and are found to be in agreement with observations [26] [27] [28] [29] [30] . * rocco.dagostino@roma2.infn.it These scenarios provide also interesting cosmological features being able to successfully alleviate the fine-tuning and coincidence problems [31] [32] [33] . Moreover, the holographic principle has been invoked to unify dark matter and dark energy into a single scheme by relating the scale length to second-order curvature invariants [34] .
Similarly to a black hole, in the cosmological applications of holography the entropy of the whole universe is proportional to its area. However, the standard Boltzmann-Gibbs (BG) theory is not valid for gravitational systems, where the partition function diverges [35] . The fundamental hypothesis of the BG entropy is the weak probabilistic correlations between the elements of the system. The BG entropy is assumed to be an additive function for two statistically independent systems. However, systems with long-range interactions, such as gravitational ones, are nonadditive since the energy between the different parts of the system is not negligible compared to the total energy. In this case, the unusual thermodynamic properties require the use of a generalized formalism known as Tsallis entropy [36] [37] [38] , parametrized by a nonextensive exponent β. This generalized approach reduces to the standard BG entropy in the limit β = 1.
The first Tsallis holographic dark energy (THDE) model was proposed in [39] . However, in this scenario standard entropy and usual HDE are not accounted as limiting case. This disadvantage arises from considering the Hubble horizon as the characteristic length of the universe, which leads to unrealistic cosmological scenarios in the case of standard HDE [40, 41] . More recently, the Tsallis entropy has been considered to investigate the variational behaviour of the nonextensive exponent with the energy scale [42] .
In this work, we assume the future event horizon as the universe's characteristic length. This permits a con-sistent generalization of additive entropy which recovers standard HDE in the limit β = 1.
The structure of the paper is as follows. In Sec. II, we present the dark energy model built upon the cosmological application of the holographic principle through the nonextensive Tsallis entropy. In Sec. III, we derive the dynamical equations governing the background evolution of a flat Friedmann-Lemaître-Roberson-Walker (FLRW) universe described by the THDE model. Then, in Sec. IV we discuss cosmological perturbations of the fluid composed by matter and HDE in the linear regime on subhorizon scales. In Sec. V, we describe the experimental datasets we employ to test our theoretical scenario. In Sec. VI, we implement a Bayesian Monte Carlo approach to get bounds on the cosmological parameters, and we study the statistical performance of the THDE models through model selection criteria. Finally, in Sec. VII we summarize the obtained results and discuss the future perspectives of our work.
Throughout this paper, we use physical units such that = k B = c = 1.
II. TSALLIS HOLOGRAPHIC DARK ENERGY
The standard derivation of the HDE density is based on the entropy-area relation of black holes, S ∝ A, being A = 4πL 2 the area of the horizon [25] . Quantum gravity considerations, however, show that the above definition can be actually modified [43] . In fact, a generalization of the BG theory resulting from the application of nonextensive statistical mechanics leads to the definition of the Tsallis entropy [36] :
where A ∝ L 2 is the area of a d-dimensional system with characteristic length L. Here, γ is an unknown constant and β = d/d(d − 1) for d > 1, under the hypothesis of equal probabilities. Eq. (1) reduces to the additive Bekenstein entropy for β = 1 and γ = 2πM 2 P , where M P = (8πG) −1/2 is the reduced Planck mass. The holographic principle states that all the degrees of freedom of a physical system can be projected onto its boundary [24] . Based on this argument, it was proposed that the entropy of the system is related to the infrared cutoff L and the ultraviolet cutoff Λ as [25] 
which can be combined with Eq. (1) to obtain
Under the holographic hypothesis, Λ 4 thus represents the THDE density which reads [44, 45] 
with B = 3c 2 M 2 P , where c 2 is a dimensionless quantity, usually assumed to be constant [46] . We note that standard HDE is included as the sub-case β = 1, while Eq. (4) gives the standard cosmological constant for β = 2.
To study the cosmological dynamics of THDE, we consider a flat FLRW metric:
where a(t) is the scale factor such that a(t 0 ) = 1 at the present time. In the formulation of a HDE model, one needs to identify the largest length L of the theory. The model recently proposed in [39] considers the Hubble horizon H −1 playing the role of L in Eq. (4), where H ≡ȧ/a is the Hubble parameter. Unfortunately, as shown in [40] , this choice leads to cosmological inconsistencies in the case of standard HDE models. For this reason, the resulting model does not include standard thermodynamics and standard HDE as sub-classes.
A remedy for this drawback is to consider the future event horizon [47] :
which can be used to build a consistent THDE model. One thus obtains
In what follows, we focus on the case β = 2 to explore dynamics beyond the cosmological constant scenario.
III. BACKGROUND EVOLUTION
For a homogeneous and isotropic universe described by the metric (5), filled with a perfect fluid of pressureless matter and a dark energy component, the Friedmann equation take the form
where the 'dot' denotes derivative with respect to the cosmic time. Here, ρ m is the matter energy density, while ρ de and p de are the dark energy density and pressure, respectively. Introducing the critical density ρ c = 3M
2 P H 2 , one can define the normalized density parameters of the cosmic species Ω i ≡ ρ i /ρ c :
which satisfy Ω m + Ω de = 1. Using the above definitions and combining Eqs. (6) and (7), one obtains
where we have introduced the variable x ≡ ln a. Assuming no interaction between the cosmic sectors, the matter conservation equation readṡ
which gives ρ m = ρ m0 a −3 , where the subscript '0' denotes the value of a quantity at the present time. Then, Eq. (10) becomes Ω m = Ω m0 H 2 0 /(a 3 H 2 ) and one can rewrite Eq. (8) as
Plugging this result into Eq. (12) and differentiating with respect to x, we obtain the equation describing the evolution of THDE:
where
We note that, in the limit β = 1, Eq. (15) possesses an analytical solution which coincides with the usual HDE [31] . For β = 1, it cannot be solved analytically and only a numerical approach is possible.
On the other hand, the evolution of the THDE equation of state parameter w de ≡ p de /ρ de can be obtained from the following conservation equation:
Differentiating Eq. (7) with the help of Eq. (6), we geṫ
and using Eq. (7) to eliminate R h , from Eq. (17) one finds
Hence, making use of Eqs. (11) and (14) to substitute ρ de and H, we finally obtain
(20) Once again, for β = 1 the above expression reduces to the one of standard HDE model [31] .
Moreover, an interesting quantity to consider is the deceleration parameter:
which measures the rate of cosmic expansion, namely decelerating universe for q > 0 and accelerating universe for −1 ≤ q < 0. In particular, the transition between the two epochs occurs at q = 0 .
IV. COSMOLOGICAL PERTURBATIONS
We investigate the theory of linear perturbations in the HDE framework by considering scalar fluctuations of the metric in the Newtonian gauge [48] :
where φ is the Bardeen potential. Introducing the density contrasts δ i ≡ δρ i /ρ i and the divergences of the fluid velocities θ i ≡ ∇· v i , we can write the system of evolution equations for matter and dark energy perturbations in the Fourier space [49, 50] :
Here, c 2 eff ≡ δp de /δρ de is the effective sound speed, while c 2 ad ≡ṗ de /ρ de is the dark energy adiabatic sound speed:
where the 'prime' denotes derivative with respect to the scale factor. For c 2 eff ≃ 1, dark energy perturbations are suppressed by pressure and cannot grow on sub-horizion scales, while for c 2 eff ≪ 1 dark energy and dark matter cluster in a similar way and this affects the growth of structure formation [51] [52] [53] [54] [55] .
In what follows, we analyze the case of a matter-dominated universe, where φ is a constant.
At sub-horizon scales (k 2 ≫ a 2 H 2 ), the Poisson equation reads
which can be rewritten as
Therefore, we use Eqs. (26) and (27) to eliminate θ from Eqs. (24) and (25) by means of Eq. (30) to eliminate the k 2 φ terms. Then, from Eqs. (21) and (28) with the help of the relation
, we obtain the evolution equations for the dark matter and dark energy perturbations:
From the perturbed Einstein equations, it easy to verify that the following initial conditions hold:
while, from the adiabaticity condition, one obtains [56] 
In this work, we restrict our analysis to the scenario of homogeneous THDE (δ de = 0, c 2 eff = 1) in which the clustering is due only to the corresponding matter component. Hence, the equation governing the linear matter fluctuations on sub-horizon scales can be written as
where E(a) ≡ H(a)/H 0 is obtained from Eq. (14) and Ω de (a) is given after solving Eq. (15).
V. DATASETS
To study the observational viability of THDE, we implemented a Bayesian analysis on low-redshift cosmic data, such as type Ia Supernovae (SN) and observational Hubble data (OHD), combined with the growth rate factor (GRF) data of matter fluctuations. We present below the main features of these datasets and describe how they can be used to get bounds over the free parameters of the model presented in the previous section.
A. Supernovae Ia
The unique leverage offered by SN Ia to investigate the late-time cosmic expansion is testified by the large number of SN surveys over the last two decades probing from very low redshifts (0.01 < z < 0.1) up to z > 1 [57] [58] [59] . The most recent Pantheon compilation has been presented in [60] and consists of a full sample of spectroscopically confirmed PS1 SN Ia previously cross-correlated in [61] . In the Pantheon dataset, each SN is standardized by means of the SALT2 light-curve fitter [62] , which models the distance modulus as [63] 
where m B is the apparent magnitude of the SN, and x 1 and c are the stretch and colour factors of the light curve, respectively; the ∆ M term accounts for the host-mass galaxy correction, while ∆ B is the distance bias correction. In this parametrization, α, β, M and ∆ M are all nuisance parameters to be determined by fitting the data. On the other hand, the cosmological distance modulus is defined as
where d L (z) is the luminosity distance which depends on the cosmological parameters of the assumed model. In a flat FLRW universe, this reads
The full Pantheon dataset has been used in [64] to construct 6 model-independent 1 and robust E −1 (z) measurements, which we utilized in our dark energy analysis. In this approach, all the SN nuisance parameters are properly marginalized over in the fit. We refer the reader to Table 6 of [64] for the E −1 (z) measurements with the corresponding correlation matrix, and for the details of the method. One can thus write the likelihood probability function of the SN data as
where the vector A is given by the difference between the measurements E −1 i and the corresponding values provided by the theoretical model:
and C
−1
SN is the inverse covariance matrix built from the correlations between the data points.
B. Observational Hubble data
The differential age method [65] represents a reliable model-independent approach to measure the evolution of the dark energy equation of state at redshifts z 2, where the universe enters the dark energy-dominated phase. This method is based on the spectroscopic dating of galaxy ages, which act as a 'clock' measuring the redshift variation of the universe's age. From the age difference between pairs of nearby passively-evolving galaxies, one can infer the quantity dz/dt and, hence, measure the Hubble parameter according to
In our analysis, we used the 31 OHD measurements collected in [66] . In this case, the data points are uncorrelated, so that the likelihood function reads
where σ H,i are the 1σ uncertainties on the measurements.
C. Growth rate factor
The large number of dark energy models proposed over the last twenty years has made necessary the study of density inhomogeneities, besides the background evolutionary dynamics, to discriminate among different cosmologies. In particular, the growth rate of matter density perturbations is measured through the quantity f (a) ≡ aδ ′ m (a). Redshift-space distortion observations [67, 68] in the interval 0 < z < 2 provide measurements of the factor
where σ 8 (a) = σ 8 δ m (a)/δ(1) estimates the linear-density field fluctuations within a 8h −1 Mpc radius, with σ 8 being its current value. In our work, we considered the Gold-2017 dataset of 18 uncorrelated f σ 8 measurements presented in [69] . These measurements can be used to constrain a specific model only after applying a rescaling procedure with respect to the assumed fiducial cosmology. To this end, we define the ratio
where, in this case, the subscript 'fid ' refers to the fiducial ΛCDM model characterized by the following Hubble expansion rate:
One can thus "correct" the measurements by means of the vector
so that the observed values are rescaled with respect to the fiducial model. Therefore, the likelihood function is given as
where C GRF is the covariance matrix of the data points (see [69] for the numerical values).
VI. OBSERVATIONAL CONSTRAINTS
We obtained observational constraints over the cosmological parameters of THDE through a Bayesian analysis on the combined likelihood
We notice that the majority of the measurements employed in the present study, namely the SN and GRF data, are insensitive to H 0 . On the other hand, the inability of the OHD measurements alone to provide a tight constraint on the Hubble constant would cause difficulties in getting proper bounds over the other cosmological parameters. For these reasons, in our analysis we fixed the Hubble constant to the most recent value obtained by the Planck collaboration [71] :
A. Monte Carlo analysis
We obtained the function Ω de (a) by numerically integrating Eq. (15) from the matter-dominated era, a ini = 10 −2 , to the present epoch, a 0 = 1, with initial condition Ω de (a 0 ) = 1 − Ω m0 . We thus used this result in Eq. (14) to find H(a). Then, we integrated Eq. (38) by setting the initial conditions as δ m (a ini ) = 10 −2 and δ ′ m (a ini ) = 1. Therefore, we applied Markov Chain Monte Carlo (MCMC) method through the Metropolis-Hastings algorithm [70] . In our study, we analyzed two different cases. In the first scenario, we fixed B = 3 to obtain exact correspondence with standard HDE model and look for possible deviations from β = 1. Hence, we performed the sampling over the parameter space
In the second scenario, we left B as a free parameter in the numerical procedure to enhance the capability of THDE to explain cosmological observations. We thus sampled over the following parameter space:
The sampling has been done assuming uniform priors for the cosmological parameters: We implemented our numerical code by means of the software Mathematica, while we used the getdist 2 package to analyze the chains and produce the contour plots.
We report in Table I the 1σ and 2σ results for the cosmological parameters of the THDE models under consideration. Moreover, we display in Fig. 1 the corresponding two-dimensional marginalized confidence level contours and the one-dimensional posterior distributions. The results for the first model show that there is no significant deviation from the standard HDE model with β = 1. In fact, the two scenarios are only slightly more than 1σ away from each other, in agreement with the previous findings of [47] . This behaviour is confirmed even when B is allowed to vary. In this case, the data are not able to provide tight constrains on B, whose estimate is consistent with the value of the standard HDE model (B = 3).
In Fig. 2 we show the evolution of THDE equation of state parameter assuming the numerical values obtained from the MCMC analysis. Our results indicate a quintessence-like behaviour and no phantom-divide crossing is found within the 1σ confidence level. We also show in Fig. 3 the behaviour of the deceleration parameter with the redshift. Furthermore, in Fig. 4 we display the growth rate of matter fluctuations for the THDE models compared to the ΛCDM scenario.
B. Bayesian model selection
We measured the statistical evidence of the THDE models by means of information criteria estimators. In particular, we used the Akaike information criterion (AIC) [72] :
where L max is the maximum value of the likelihood and p is the number of parameters of the theoretical model. We also considered the DIC criterion, which accounts for the number of parameters that can be effectively constrained by a specific dataset [73] :
where p eff = −2 ln L +2 ln L , with · denoting average over the posterior distribution. The best model is the one characterized by minimum AIC and DIC values. In our case, we computed AIC and DIC differences with respect to the ΛCDM model, chosen as the reference model. The results shown in Table I indicate that the THDE model with fixed B = 3 performs better than ΛCDM, albeit with poor significance level. On the other hand, allowing B to vary in the fitting procedure does not increase the Bayesian evidence for the corresponding THDE model, which appears penalized by the presence of the extra parameter.
VII. FINAL OUTLOOK AND PERSPECTIVES
In the present work, we assumed the validity the holographic principle to address the accelerated cosmic expansion. In particular, we discussed the features of a dark energy model built upon the Tsallis entropy, which represents a nonextensive generalization of the BoltzmannGibbs entropy that should be used in the statistical treatments of nonadditive systems, such as gravitational ones. We considered the future event horizon as the characteristic length of the universe. This choice allowed us to avoid cosmological inconsistencies and include standard holographic dark energy and standard thermodynamics as sub-classes.
We described the dynamics of Tsallis holographic dark energy at the level of background cosmology. Furthermore, we studied linear perturbations on a flat FLRW spacetime at sub-horizon scales. We thus focused on the case of homogeneous dark energy in a matter-dominated universe and derived the growth rate of matter density fluctuations.
We analyzed two specific THDE scenarios: a first model with fixed B = 3, which recovers standard HDE in the limit β = 1, and a second model with B left as a free parameter. We thus tested the observational viability of the aforementioned theoretical models by a comparison with the most recent cosmological data. Assuming uniform priors for the free parameters, we performed MCMC numerical technique implemented through the Metropolis-Hastings algorithm on the combined likelihood of SN Ia data, Hubble parameter measurements and growth rate factor data. In the first scenario, we found that the deviation from standard HDE is within the 2σ level. In the second scenario, our results show the inability of the data to provide tight constraints on the parameter B and, consequently, no deviation from the value of the standard HDE model was found. Then, assuming the numerical results of the MCMC analysis for the cosmological parameters, we computed the redshift evolution of the dark energy equation of state and the deceleration parameter. We showed that the equation of state of THDE models behaves as quintessence. We also compared the growth rate of matter overdensities with the predictions of the concordance ΛCDM paradigm.
Moreover, we used the AIC and DIC information criteria to measure the Bayesian evidence for the models under consideration. We found that the first THDE scenario performs slightly better than the ΛCDM model, while the second THDE scenario is statistically penalized by the additional free parameter.
Possible extensions of this work include the use of highredshift data, such as Cosmic Microwave Background observations, to complement the constraints at late times. It would be also interesting to consider the effects of clustering dark energy with c 2 eff ≃ 0 on the evolution of matter perturbations. We leave these issues for future investigations.
